The aim of this paper is to construct asymptotic solutions to multidimensional Fuchsian equations near points of their degeneracy. Such construction is based on the theory of resurgent functions of severa.l complex va.riables worked out by the authors in the pa.per [1] . This theory allows to construct the explicit resurgent solutions to Fuchsian equations and also to investigate the evolution equations (Cauchy problems) with operators of Fuchsian type in their right-hand parts.
Introduction
In this paper we construct asymptotic solutions Lo equations o.f Fuchsian type in several variables. By equations of Fuchsian type we nlean equations of the form " def ( a) H1 .l = l! x,x ax u=O where x = (Xl, ... , x") is a point in the Cartesian space R", 8 (18 "8) x 8x = x ox I ' ... , x ox" (1) and the function H(x,p) is a polynomial with respect to the variable p. Such operators were studied earlier from different point of wiev by M. Kashiwara and T. Kawai [2] , V. Maslov [3] R. Melrose [4] , B.-W. Schulze [5] B. Ziemian [6] , [7] .
Evidently, this equation is degenerated on the union of coordinate planes {xi = O} and, heuce, one can expect that the solutions will have singularities on this union. Dur goal is to construct asymptotic solutions to such an equation at points of its singularities.
We remark that the set of singularities, that is, the union of hyperplanes {xi = O} can be stratified in such a way that the strata are coordinate planes of different dimension.
Renumerating the coordinates, if necessary, one can write down the equation of each stratum in the form (2) where k is codimension of the strata A k .
If we are intended to construct the asymptotic solution (by smoothness) to equation (1) in a neighbourhood of a point of stratull1 (2) then we can state that the group of variables (Xl, ... , x k ) plays quite a different role than the group (X k + l , .
•. , x n ). Indeed, the variables of the first group are the variables transversal to the singularity manifolds {xi = 0, i = 1, ... , k} which pass through the considered point anel, hence, these variables are parameters of the asymptotic expansion under construction. At the same time, the variables of the second group are not small near the considered point and can be considered simply as parameters. To express this difference in the explicit fornl we shall slightly change the notation denoting the variables of the first group by x = (Xl, ... , x n ) and the variables of the second one by y = (yl, ... , yk). Using this notation we can rewrite equation (1) in the form
1\
Further, from technical reason it is convenient to consider the operator H included in the equation (3) as a differential operator of the form whose coefficients lie in the space of differential operators in variables y lying in the Cartesian space Rn or, more generally, on SOBle slTIooth manifold. It is also convenient to complexify the problem with respect to the variables x.
For constructing asymptotic solutions to the equation (3) we use the theory of resurgent functions of several independent variables worked out by the authors (see [1] ). We also remark that the oue-dimensional case of such construction was considered in the paper [8] by B.-W. Schulze, B. Sternin, and V. Shatalov. The outline of the paper is as folIows. In Section 2 we construct asymptotic expansions of the resurgent type for solutions to equation (3) . In Section 3 we consider the corresponding evolution equations. Finally, in Section 4 we present two concrete examples of the introduced technique.
Statement of the problem
Let us proceed with exact definitions. Consider a Fuchsian equation of the form
where H is a differential operator of the form (4)
with analytical coefficients ao(x). Here x = (xl, ... ,x n ) is a point of the Cartesian complex space C n ,
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and we construct asymptotical solutions to equation (4) with respect to smoothness in a neighbourhood of the origin. The coefficicnts Go(x) of operator (5) can be operator-valued functions of x with values in the space of differential operators in C;, y = (yl, ... , yk) or, more generally, in the space of differential operators on a smooth manifold Yj in the last case we shall denote by y local coordi nates on Y.
In this paper we present the approach to the construction of resurgent solutions to such equations based on the theory of resurgent functions of several independent variables worked out by the authors in the paper [lJ. This approach gives explicit f01inulas for the asyrnptotic solutions under consideration.
Under the above asuJnptions equation (4) can bc written down in the form
H (x,y,X:x' :y) = 2: 2:
Evidently, the singularities of solutions to equations (4) or (6) can have singularities on the union of the coordinate hyperplanes Xl = 0, i = 1,2, ... , n.
As we had already mentioned, the construction of asymptotic solutions to equations (4) or (6) will be carried out with the help of the theory of multidimensional resurgent functions worked out by the authors in the paper [1] . In order ta apply this theory to equations (4) or (6) we perform the change of variables 
Construction of the res urgent solutions
Now we are able to apply the resurgent functions theory to the construction of asymptotic solutions to equation (8) . We recall [1] that aresurgent function of variables x is a function of the form
where U(s, r) is an analytic hOIllogeneous hyperfunction (see [9] ) of the variables (s, r) and each f j is a special contour surrounding SÜllle singular point Sj = sj(r) of the hyperfunction U. It is not needed that each singular point of the function U is surrounded by some contour rjj the set of singular points included into expression (9) is called a support of the resurgent function u (see [1] ). The support of the resurgent function u will be denoted by
we emphasize that the support of the res urgent function can depend on r. The contours f j are shown on Figure 1 .
The following affirmation takes place. Further, the formula
Here TTP is the shift operator along the axis s:
Now we shall construct resurgent solutions to equation (8) provided that its right-hand part is aresurgent function. Applying the affirmation of the latter theorem to equation (8) we obtain the equation for the function U( s, r): (10) where the function G( s, T) corresponds to g( T) under the action of the operator I. Equation (10) is considered as a.n equation.in homogeneous hyperfunctions of the variable s.
·We remark that, since we search for the asymptotic solutions to equation (5) in a neighbourhood of the origin, the variables (11) vary in the region Re r i < O. Hence, we must construct asymptotic solutions with respect to smoothness to equation (10) only in this region. We recall that the coefficients aaß of equation (10) Suppose that for some value of T the point s = So(T) is the very left point of the support of the resurgent funetion u (such point will be referred as the main singularity 0/ the function U). Then the supports of all terms of the left-hand side of (10) except for that corresponding to ß = 0 lyes strictly to the right with respeet to the main singularity.
This allows to use a reeurrent procedure for eonstructing of aresurgent solution to the equation (10) . Namely, we denote by UO(s, T) a solution 40 the equation
which is the 'main part' of equation (10). Then we determine the subsequent functions Uß(s, T) as solutions to equations (13) where the surn in the right do not contain the term with ß' = o. Ordering the set of functions (14) in such a way that the product Tß decreases along this ordering, we see that system of equations (12), (13) determine a recurrent procedure for the set of funetions (14) with one and the same principal part.
Now we denote by u ß ( T) the resurgent functions corresponding to the functions Uß (s, T).
Certainly, for doing so we must detennine the supports of these resurgent functions. To begin with, we determine these supports in a neighbourhood of some fixed value of T. The support of the function UO(8, T) can be chosen in arbitrary way hut provided that it is contained in a seetor of angle less than 7r bisected by the positive direction of the real axis in the complex plane s.The supports of the functions Uß(T), ß 2: 0 are chosen in such a way that these functions satisfy the equations
Evidently, this requirement uniquely deternlines the supports of u ß ( T).
In order to detennine the supports of the resurgent function Uß(T) for all values of Tone must perform the procedure of analytie cont.inuation of the constructed resurgent function along paths in the complex plane C". This procedure can be performed in a way usual in the theory of resurgent functions with the help of the sO-called transition homomorphism (see, for example [10] ). We shall not describe here this construction in detail.
We remark, that if the functions u ß ( i) are determined as it was described above, the Under this condition the set of singularities of a solution to equation (12) Proof. To construct a solution to equaion (12) we choose a submanifold which is not everywhere characteristic with respect to this equation. Then a solution to any Cauchy problem with resurgent Cauchy data on this tnanifold will be aresurgent solution to equation (12) .
Tbe existence of infinitely-continuable solution for such a problem (under the condition tbat the Cauchy data are infinitely-continuable) can be proved with the help of an explicit formula for solutions which has the same form as in the case of constant (numerical) coefficients (see [11] ). The proof of the fact that this fornlula determines an infinitely-continuable solution to tbe Cauchy problem is quite sinlilar to that in the cited book and we leave it to the reader. This proves tbe theorem. To conc1ude this section, we present. the form of constructed asymptotic solutions in the case when tbis solution has silnple singl1larities. We recall that the resurgent function 
Evolution equations.
In this section we consider the Cauchy problem (20)
1\
where the operator H is an operator of the type (5). As above, using exponential change 1\ of variables (7) and expanding thc coefficients of the operator H into Taylor series in x, we reduce problem (20) to the fonll
Remark 1 We recall that aoß in the latter equation are supposed to be differential operators in variable y E C k .~10re generally, we can assume that these operators contain differentiations with respect to t of order not more than m -1. In any case orders of the operators Goß are supposed to be less or equal to m -10' 1.
Similar to the previous section we search for a solution to the problem (21) in the form of resurgent function (see equation (9)): . Hence, if we order the set of functions {Uß, ß~O} in such a way that Re( r ß) do not increase, the set of Cauchy probicills detennines a recurrent procedure for determining these functions. Certainly, for probleills (23), (24) were solvable in the dass of infinitely continuable functions, one has ta iOlpose sOlne requirements on the operator inc1uded into the right-hand part of problem (23); such requirements will be imposed below. However, if we assurne that the recurrent system (23), (24) is solvable in the required functional dass, then the series
converges in the space of resurgent funcLions (here uß(t, r) are resurgent functions carresponding to the functions Uß(s, t, r) ) since the supports of terms uß(t, r) move to the left along the described ordering. The resllrgent fllnction (25) evidently is aresurgent solution to the problem (21). Now let us formulate the condition under which equation (23) is solvable in c1asses of infinitely-continuable functions. Ta do this, we apply the 8/8s-transformation [11] ta the problem (23). Denoting by (Uß(s, t, r)) we come to the following Cauchy prqbleols
for the functions (26). Evidently, the solvability of the proble-(23) is equivalent to the solvability of the problem (27), so we must impose the following condition.
Condition 2 The resolvent operator for problem (27) exists for each value of p E C n and determines an analytical family of operators with parameter p.
Let us describe a situation in which Condition 2 will be valid. Suppose that the order of the operator 1 aoo equals to m -lai and that the operator To conclude this section we shall investigate the singularities of the functions Vß(s, t, r) provided that the Cauchy data V)(s, r) of problem (23) have simple singularities. This means that the functions Uj(s, r), j = 1, ... , m -1 can be represented in the form
near each point s = S( r), where the series on the right of the latter equality converges.
Then, as it follows from the stationary phase formula for alas-transformation (see [11] , [12] , [13] ), the functions Vj (s,p) have the same form -00 -.
- 
Examples
In this section we consider two exanlples of constructing of aresurgent solution to stationary equation and to a Cauchy problenl correspondingly. [11] ). We present here only the result of the computation of the action itself. The computations similar to those in the paper [14] give us the expression for the funetions Sn: [8] . Example 
Let us consider a Cauchy problenl
Here, similar to the previous exarnple, the varia.ble y changes on the unit circIe SI and we construct asymptotic solutions in a neighbourhood of the origin in the space of the variables x = (xl, x 2 ). \Ve require also that the functions Uo and Ul are resurgent functions of the variables; = (;1, ;2) determined by change (7) 
S±(t,p,Y)lt=o = S(p,y).
The explicit asymptotics for the solutions t.o problem (34) with respect to smoothness can be obtained with tbe help of the Laplace-Radon integral operators on complex manifolds; tbe theory of these operators is presented in the book [11] .
